Data on rates, percentages or proportions arise frequently in many different applied disciplines like medical biology, health care, psychology and several others. In this paper, we develop a robust inference procedure for the beta regression model which is used to describe such response variables taking values in (0, 1) through some related explanatory variables. In relation to the beta regression model, the issue of robustness has been largely ignored in the literature so far. The existing maximum likelihood based inference has serious lack of robustness against outliers in data and generate drastically different (erroneous) inference in presence of data contamination. Here, we develop the robust minimum density power divergence estimator and a class of robust Wald-type tests for the beta regression model along with several applications.
Introduction
In many biological experiments, medical research including health care studies and psychology, survey research in sociology and marketing, and several other applied sciences, we often come across data on rates, ratios, percentages or proportions, taking values in the unit interval (0, 1). Examples of such data include the "body fat percentage" or any similar health condition measured in percentage, health assessment questionnaire (HAQ) data or similar rating data, accuracy percentage of any treatment in clinical trials, experimental scores measuring stress, depression, etc. in psychology, proportion of a certain group of patients (for some particular disease) in a region and many more.
Such data can be modeled individually by a beta distribution having support (0, 1). However, in order to better understand the underlying data-generating mechanism for more detailed inference, it is often required to relate their values with some other associated explanatory variables through a suitable regression structure; this also enables us to do prediction. The beta regression model (BRM) is designed to help in this situation, which models a response variable y taking values in (0, 1) through a set of explanatory variables x.
There are several recent specifications of the BRM; for example, see [1] [2] [3] [4] , among others. In this paper, we follow the most popular specification provided by [3] . This is because this specification (i) models the "mean" of the response variable on (0, 1) to depend on a linear combination of available covariates through a suitable link function, (ii) is closely related to the popular class of generalized linear models [5] , (iii) allows many different possible link functions to model various structures within the data, and (iv) the inference methodologies are well developed for this specification and are available in the standard statistical software R (package 'betareg') for practitioners.
Mathematically, suppose y 1 , . . . , y n are n independent responses each taking value in (0, 1) and are associated with p-dimensional covariate values x 1 , . . . , x n , respectively. Then, in the beta regression model (BRM) of [3] , each y i follows a beta distribution having density f (·; µ i , φ), where f (y; µ, φ) = 1 B (µφ, (1 − µ) φ) y µφ−1 (1−y) (1−µ)φ−1 , 0 < y < 1,
with B(·, ·) being the (complete) beta function, and E (y i ) = µ i ∈ (0, 1) is related to the (given) i-th value x i ∈ R p of the explanatory variables through a suitable link function g (defined on (0, 1)).
Note that, V ar (y i ) =
1+φ . Given g, the BRM of [3] -with fixed precision parameter φ or dispersion parameter σ 2 = (1 + φ) −1 -assumes the regression structure y i ∼ f (y i ; µ i , φ) independently, with g (µ i ) =x T i β, i = 1, . . . , n,
where β ∈ R p is the vector of unknown regression coefficients. Our objective then is to make inference about the parameter of interest θ = (β T , φ) T ∈ R p+1 based on the available data {(y i , x i ) : i = 1, . . . , n}. This BRM has later been extended to cover the cases of heterogeneous precision parameter φ i (or, dispersion parameter σ 2 i ) for y i by [6] [7] [8] [9] [10] , where φ i depends on another set of covariates through a (possibly different) regression structure. To keep a clear focus in our presentations, we restrict our attention primarily to the fixed dispersion BRM (2) in the present paper. Our methodology, however, is not critically dependent on the fixed dispersion assumption, and we also briefly indicate the possible extension to a general class of non-linear, variable dispersion BRMs towards the end of the paper. Indeed, our illustrations will show that the extension of the proposed methodology to such a general class of BRMs has exactly the same structure and robustness implications in relation to the fixed dispersion results presented in this paper.
The BRM (2) has become very useful in several recent applications, since it can also be applied to data within any finite interval. If y takes values in any other open interval, say (a, b), we can apply the BRM (2) with the transformed response y−a b−a ∈ (0, 1) . Further, if the response y also takes values in the end-points 0 and 1, rather than using sophisticated and complicated modifications, on the MLE; see [3] for more details. The R package 'betareg' provides the inferential solution for the BRM (2) based on this standard maximum likelihood approach, which possesses many asymptotic optimality properties. However, a serious problem with maximum likelihood based inference is the high degree of sensitivity to potential outliers in the data. This lack of robustness often leads to drastically different (erroneous) inference in the presence of even a small amount of data contamination. Since such outliers are not uncommon in practical datasets, we need to be very cautious before using maximum likelihood based inference (and also using the R package 'betareg'). To illustrate this issue, let us present a motivating example from an Australian health care study.
A Motivating Example (AIS Data):
Consider the data on health measurements of several athletes collected at the Australian Institute of Sport (AIS) which is publicly available in the R package "sn". Bayes et al. [11] have recently studied a subset of these data corresponding to the 37 rowing athletes to predict their body fat percentages (BFP) from their lean body masses (LBM) using Bayesian inference. Since the response variable BFP takes values within (0, 1), we here fit the BRM (2) with response y = BFP, covariate x i = (1, LBM) T and a logit link function, logit(E[BFP]) = β 1 + β 2 LBM . Then, applying the existing maximum likelihood procedure using 'betareg', the MLE of the parameter of interest θ = (β 1 , β 2 , φ) T turns out to be (0.097, −0.027, 95.472) T . Further, applying the existing Wald test based on this MLE, the p-values of the significance of two regression coefficients become 0.699 and 0 respectively, which indicates that the intercept component (β 1 ) is not significant in the model. However, by plotting the data (see Figure 1) , one can clearly see that there are two outlying observations as also noticed by [11] ; the fitted line based on the above MLE does not yield a good fit to the bulk of the data in the presence of these two outliers. In fact, if we again compute the MLE of the parameter θ after removing these two outliers, the resulting estimate becomes (0.838, −0.038, 246.305) T , which drastically differs from the previous MLE based on the full data.
The change in the fitted line is clearly visible in Figure 1 and the estimate of φ changes substantially! Further, after deleting these two outliers, both the p-values of the MLE based Wald test for testing the significance of the regression coefficients become 0. Thus, only these two outliers completely hide the significance of β 1 reversing the conclusions of the inference.
As we have seen in the above example, few outliers in a dataset can lead to completely wrong inference through the existing likelihood procedures under the BRM. Several other authors have also recently noticed this non-robust behavior of the MLE and the instability of the related inferences against the outlying observations in the BRMs [3, 12, 13] ; they have developed some diagnostic tools to identify such influential observations or outliers in a BRM and suggested their deletion before doing maximum likelihood based inference. Although this solution with prior outlier detection is feasible (although rarely advisable) for simple and small datasets, it is quite difficult and needs several additional analyses for most complicated datasets including the big or high-dimensional datasets of recent era. A robust inference procedure that can automatically take care of these outliers to successfully yield stable results is much more logical, efficient and useful in all such complicated cases. However, unlike other inferential set-ups, there exists no such robust inference procedure for the recently developed beta regression model. The only related work is the one by [11] who have proposed to solve this issue for the BRM under Bayesian paradigm through the use of a modified distribution in place of the simple beta distribution; but it does not really address the non-robustness problem of the MLE based inference with respect to the simpler specified BRM.
In this paper, we develop a robust inference procedure for the BRM (2) without changing its original distributional form. Among several approaches of robust inference, we follow the minimum divergence approach where we quantify the discrepancy between the data and the parametric model through a statistical divergence measure and minimize it to estimate the unknown parameters. In particular, we consider the density power divergence (DPD) of [14] , because the resulting estimator has become very popular in recent times due to its high asymptotic efficiency along with strong robustness properties. It has also been applied to many real life inference problems; see Section 2.1 and [15] for additional details. We develop the robust minimum density power divergence estimator (MDPDE) for the BRM (2) along with its asymptotic properties in Section 2. Based on the proposed MDPDE, we develop a robust Wald-type hypothesis testing procedure in Section 3 and derive its asymptotic properties. We also theoretically illustrate the robustness of both the proposed estimator and the testing procedure through suitable influence function analyses. Finite sample performances of the proposed inference procedures are examined through suitable simulation studies in Section 4. In Section 5, our proposals are applied to reanalyze the motivating example along with two additional real data examples from health-care studies (including psychology).
Extension of the proposed methodology for performing robust inference under a general class of (non-linear) variable dispersion BRM is briefly discussed in Section 6 and illustrated through a real data application. Finally, the paper ends with some concluding remarks in Section 7.
2 Robust Minimum Density Power Divergence Estimators
Background
The density power divergence (DPD) measure between two densities f 1 and f 2 (with respect to some common dominating measure) is defined in terms of a tuning parameter α ≥ 0 [14] as
Note that the DPD measure at α = 0 coincides with the famous likelihood disparity, minimization of which is known to generate the MLE. The DPD family connects the likelihood disparity (at α = 0) to the L 2 -Divergence (at α = 1) smoothly through the tuning parameter α. For the sake of completeness and a better understanding, let us start by recalling the minimum DPD estimation under the independent and identically distributed (iid) set-up.
For n iid observations Y 1 , . . . , Y n modeled by a parametric family of densities
the MDPDE is obtained by minimizing the estimated DPD measure (3) between the observed data (at f 1 ) and the model density f θ (at f 2 ), or, equivalently by minimizing the quantity
with G n being the empirical distribution function based on the observed data [14, 15] . Under suitable differentiability assumptions, the estimating equation of θ is given by it does not need non-parametric kernel estimation unlike many other divergences, (ii) it is a robust estimator having high asymptotic efficiency at properly chosen α, and (ii) it can be obtained from a simple unbiased estimating equation along with an underlying objective function which helps to avoid the problem of multiple roots.
However, in general, our data for the BRM (2) are NOT iid, and hence the above approach cannot be applied directly. This is because we generally do not make any distributional assumptions on the covariates x i s and treat them as fixed (given) so that, for each i,
with density given by (2). Thus, each y i is independent but not identically distributed. Recently, [16] have proposed an extension of the MDPDE for the general independent but non-homogeneous set-up by considering the average DPD measure over different distributions. [17] have applied this extended approach to develop robust inference for a simple class of canonical generalized linear models (GLMs) with fixed designs including normal, Poisson and logistic regressions; [18] has also applied it to an exponential regression model to propose a robust estimator of the tail index.
However, unfortunately, the class of GLMs considered in [17] does not directly cover our BRM (2) . So, in this paper, we further extend this approach to develop a robust estimator for the BRM (2) with fixed covariates (design). For the sake of completeness, necessary background concepts, assumptions and results from [16] are presented in the online supplement.
The MDPDE for the Beta regression Model
Consider the BRM set-up as described in Section 1. Let us assume that the responses y 1 , . . . , y n are independent but y i ∼ g i for each i = 1, . . . , n, where g i s are potentially different true densities of y i s depending on x i s. We model g i by the BRM given by (2), i.e., by the model density
is common across the densities. Following [16] , we define the MDPDE of θ under the BRM (2) as the minimizer of the average DPD measure with tuning parameter α ≥ 0 given by
where g i is an estimate of g i based on the given data. Since the DPD measure is a proper statistical divergence, the resulting minimizer is clearly Fisher consistent for θ. For the present case of BRM (2), since we have only one observation from each g i , a simple estimate of it is given by the degenerate distribution at y i for any i = 1, . . . , n. Hence, after some simplification, the minimizer of (4) is seen to be the minimizer of the simpler objective function (Eq.(1) of the online supplement)
. We need to minimize this objective function H n,α (θ) with respect to θ = (β T , φ) T to obtain its MDPDE with tuning parameter α, say θ n,α = ( β T n,α , φ n,α ) T .
Note that, the above objective function H n,α (θ) becomes [1 − log-likelihood] as α → 0 and hence the proposed MDPDE at α = 0 coincides with the usual MLE of [3] which is known to be nonrobust but fully efficient. Further, the MDPDE at α = 1 coincides with the minimum L 2 -distance estimator which is known to be highly robust but inefficient under any general model. Hence the tuning parameter α in the proposed MDPDE under the BRM is expected to yield a trade-off between robustness and efficiency of the estimator.
Equivalently, we can also obtain the MDPDE θ n,α = ( β T n,α , φ n,α ) T by solving the estimating equations obtained by differentiating the objective function H n,α (θ) with respect to θ = (β T , φ) T .
For the BRM, these estimating equations simplify to (from Eq. (2) of the online supplement)
where 0 p is the zero vector of length p, g denotes the derivative of g and y *
1,i = log
Clearly the estimating equations are unbiased at the model for any α ≥ 0. Also, at α = 0, we have
2,i (θ) for all i = 1, . . . , n and these MDPDE estimating equations then coincide with the MLE estimating (score) equations as expected.
The asymptotic distribution of this proposed MDPDE can be derived from the general results of [16] under Assumptions (A1)-(A7) of their paper, also presented in the online supplement. In particular, whenever the model assumption (2) holds with true parameter value θ 0 , i.e., g i (·) = f i (·, θ 0 ) for all i, we have the following from Result R1 of the online supplement.
1. There exists a consistent sequence θ n,α of roots to the estimating equations (6) and (7).
, where I p+1 is identity matrix of order (p + 1) and
with explicit forms of γ
jk,i (θ) being given by
and ψ 1 being the trigamma function. The required conditions (A1)-(A7) of [16] can be verified to hold under mild boundedness conditions on the given covariate values (fixed design). However, the form of the above asymptotic variance matrix indicates that, given any fixed design, the asymptotic relative efficiency of the proposed MDPDE decreases as α increases but this loss in efficiency is not significant at small positive values of α. We will verify this property empirically again in Section 4.1; but this small loss in efficiency leads to increased robustness of the proposed estimator over the non-robust MLE which we justify through the influence function analysis in the next subsection.
Influence Function of the MDPDE under the BRM
The influence function (IF) is a classical tool to measure the theoretical robustness property of any estimator under the iid set-up [19] . It measures the asymptotic bias due to infinitesimal contamination in the data. The concept has been suitably extended and applied to the case of nonhomogeneous observations by [16, 17, 20, 21] , where the corresponding statistical functional and the IF both depend on the sample size n (unlike the iid case). Note that, for such non-homogeneous cases the contamination can be in any of the distributions indexed by i or in all of them. We use this concept to illustrate the robustness of our proposed MDPDE under the BRM.
Assuming G i to be the true distribution function of y i corresponding to the density g i for each
i, the statistical functional corresponding to the MDPDE of θ under the BRM (2) is defined as
whenever the minimum exists. This is a Fisher consistent functional at the assumed BRM by the definition of the DPD measure. Suppose first, for simplicity, the contamination is in only the
where is the contamination proportion and ∧ t i 0 is the degenerate distribution at the contamination point t i 0 . The corresponding (first order) influence function (IF) of the proposed MDPDE functional T α is defined as
Note that, whenever this IF is bounded in t i 0 , the asymptotic bias due to infinitesimal contamination at G i 0 remains bounded, implying the robustness of the corresponding estimator. On the other hand, if this IF is unbounded in t i 0 , then the same bias may tend to infinity for distant contaminations implying the non-robust nature of the estimator.
For our beta regression model with g i (·) = f i (·, θ) for all i, some calculations, based on the general Result R2(i) of the online supplement, yield the simplified form of the above IF as given by
where t * 1,i 0 = log
. . , n. Clearly this IF of the proposed MDPDE is bounded for all α > 0 but unbounded at α = 0. This implies that the proposed MDPDE with α > 0 is robust against contamination in data, whereas that at α = 0 (existing MLE) is clearly non-robust. Further, it can also be verified that, given any fixed design, the supremum of this IF decreases as α increases, which in turn implies the increase in their robustness. This fact will be further seconded through empirical illustrations in 
Robust Hypothesis Testing: A Wald-Type Test Statistics
Let us now consider the second important aspect of statistical inference, namely the testing of statistical hypothesis. As noted previously, the existing MLE based likelihood ratio tests or Wald tests are highly non-robust against data contamination in any set-up including the BRM. Suitable robust hypothesis testing procedures under the general non-homogeneous set-up have been developed in [22] and [23] by extending the likelihood ratio and the Wald-type tests respectively. In this section, we develop a robust hypothesis testing procedure based on the proposed MDPDE for the BRM; here we restrict ourselves only to the Wald-type tests which are easy to implement in practice. Related background results from [23] are again provided in the online supplement for the sake of completeness.
Consider the BRM (2) with the set-up as discussed in the previous sections. Consider the most common class of general linear hypotheses given by
where M is a known matrix of order r × p and m 0 is a known r-vector of reals. We make the standard assumption that rank (M ) = r so that there exists a true null parameter value
under the BRM (2). We define the Wald-Type test statistic for testing hypothesis (9) as
where Ψ 11 n and Ω 11 n are the p × p principal sub-matrix of the matrices Ψ n and Ω n respectively and are given by
Note that, since the MDPDE at α = 0 coincides with the MLE, the test statistic W n,0 is nothing but the non-robust MLE based classical Wald test. So, the proposed test statistics W n,α are the robust generalization of the Wald tests and hence referred to as the Wald-type tests.
In particular, for testing the significance of individual regression coefficient β j , i.e., testing
for any j = 1, . . . , p, the proposed test statistic (10) simplifies to W n,α = n β 2 n,α,j
, where β n,α,j is the MDPDE of β j and σ j (θ) is the asymptotic variance of √ n β n,α,j .
Asymptotic Properties
The first property that we need for any proposed test statistic is its null distribution to find out the critical region of the test. Although the exact null distribution is not easy to obtain in general, the asymptotic distribution of our proposed test statistic W n,α can be derived directly from that of the MDPDE. We assume that the matrices involved in the asymptotic variance of the MDPDE of β, namely Ψ 11 n and Ω 11 n , are continuous in θ. Then, it is straightforward from the results of Section 2.2 that the asymptotic null distribution of W n,α for hypothesis (9) is χ 2 r , the chi-square distribution with r degrees of freedom (see Result R3(i) in the online supplement). So, the critical region of the proposed testing procedure at α 0 -level of significance is given by W n,α > χ 2 r,α 0 , where χ 2 r,α 0 is the (1 − α 0 )-th quantile of the χ 2 r distribution. For the particular case of the hypothesis (11), the corresponding null asymptotic distribution of W n,α is χ 2 1 . So, we can also perform the one-sided testing for the significance of β j by considering the test statistic
, which has an asymptotic standard normal distribution at the null hypothesis in (11).
Further we can apply suitable results from [23] on the Wald-type tests for the general nonhomogeneous set-up to obtain useful power approximations for our proposal in the BRM. In particular, by Result R3(ii) of the online supplement, the tests based on W n,α are consistent at any fixed alternative for every α ≥ 0; this fact also follows from the Fisher consistency of the MDPDEs used in the construction of test statistics and we leave the details for the reader.
So, for the purpose of comparison, we need to compute the asymptotic power under the contiguous sequence of alternatives H 1,n :
is the null parameter value satisfying M β 0 = m 0 . However, using the asymptotic distribution of the MDPDE from Section 2.2, one can obtain the asymptotic distribution of our test statistics W n,α under the hypothesis H 1,n to be χ 2 r (δ), the non-central χ 2 with degrees of freedom r and non-
of the online supplement). The asymptotic contiguous power of the proposed testing procedure can then be computed as 1 − F χ 2 r (δ) (χ 2 r,α 0 ) , where F χ 2 r (δ) denotes the distribution function of χ 2 r (δ).
In particular, the pitman's asymptotic relative efficiencies of W n,α based Wald-type tests at α > 0 with respect to the most powerful (but non-robust) classical Wald test (at α = 0) depend on the non-centrality parameter δ and are directly proportional to the ratio of the inverse variance matrix of the MDPDE and the MLE. Hence, they are indeed directly proportional to the asymptotic efficiency of the MDPDE itself. So, for any given fixed design, the asymptotic power under contiguous alternative decreases slightly with increasing α but the loss is not quite significant at small positive α as in the case of efficiency of the MDPDEs; see Section 4.2 for corresponding empirical illustrations.
Robustness Analysis
We theoretically study the robustness of the proposed Wald-type tests through the corresponding influence function analysis [19] . Considering the set-up of Section 2.3, we define the statistical functional corresponding to the proposed test statistics W n,α (ignoring the multiplier n) as
where
. . , G n ) is the functional for the MDPDE as defined in (8) . We can define its influence function as in the case of estimation by assuming contamination in any fixed distribution or in all distributions.
Let us again consider the contamination only in the distribution G i 0 at the contamination point t i 0 . Then, using the Fisher consistency of T α , a routine differentiation yields the (first order)
influence function of the test functional W α to be identically zero at the model, i.e.,
Therefore, this first order influence function cannot indicate the robustness of our proposed Waldtype tests, which is expected from the literature of similar quadratic tests [22] [23] [24] [25] . So, we need to consider the second order influence function for W α defined analogously with the second order partial derivative as
.
It indicates a second order approximation to the asymptotic bias due to infinitesimal contamination in contrast to the first order approximation provided by the first order IF. For the present BRM some calculations, based on Result R4(i) of the online supplement, yield the form of this second order IF for the proposed Wald-type test functional W α at the model as given by
Therefore, this influence function is bounded if and only if the IF of the MDPDE T α , derived in Section 2.3, is bounded and this holds only for all α > 0. Hence, the proposed Wald-type test statistics are expected to be robust for α > 0 but non-robust at α = 0 (which is the classical MLE based Wald test); further numerical illustrations are given in Section 4.2.
We can also examine the influence of the contamination on the level and power of the proposed Wald-type tests through the level and power influence function analysis [19, 22] . For this purpose, we can directly apply the corresponding results for the general non-homogeneous cases from [23] , described in Result R4(ii) of the online supplement, to conclude that the power influence function is indeed a matrix multiple of the IF of the MDPDE T α . Therefore, the proposed test is robust in asymptotic contiguous power whenever the IF of T α is bounded, i.e., for all α > 0, but is non-robust at α = 0. However, following the same result [23] , the level influence function of this type of tests under non-homogeneous data is identically zero whenever the IF of T α is bounded, indicating the robustness of asymptotic level for all α > 0 against infinitesimal contiguous contamination at the null hypothesis.
Simulation Studies 4.1 Performance of the MDPDE
Let us now study the finite-sample behavior of the proposed estimator, MDPDE, through suitable simulation studies and compare them with theoretical (asymptotic) results. Consider a sample size n and fix n covariate values x 1 , . . . , x n being independent observations from U (0, 1). We generate 1000 samples from the BRM (2) Table 1 for sample sizes n = 50, 100. Clearly, MLE has the minimum absolute bias and MSE under pure data as expected and the bias and MSE of the proposed MDPDE increase slightly with increasing α. But this increase in bias or MSE is not quite significant at small positive α like 0.3, 0.4, which is consistent with the asymptotic efficiency described in Section 2.2. Next, to study the finite-sample robustness behavior of the proposed MDPDEs, we repeat the previous simulation study, but after contaminating each sample through two different schemes. In the contamination scheme (I), we have randomly changed 10% of the response values y to (1 − y) and recalculated the MDPDEs based on the contaminated samples. The corresponding bias and MSE are reported in Table 2 . Following the suggestion of a referee, in the second contamination scheme (II), we have replaced 5% of the response (y) values associated with the minimum x-values to the extreme point y = 0.99; the empirical bias and MSE for this extreme case of contamination are reported in Table 3 . It can be observed that the absolute bias and MSE of the MLE are the worst, since it is the most non-robust one. As α increases, both the absolute bias and MSE decrease significantly providing more accurate results; these become more prominent in the extreme contamination scheme (II). Thus, the robustness of the proposed MDPDE under contamination significantly improves with increasing values of α; this is again consistent with the theoretical influence function analysis discussed in Section 2.3.
Similar results are observed in several simulation studies with different contamination scheme and different sample sizes; so those are not repeated here for brevity.
Performance of the Wald-type tests
In this section, we illustrate the empirical levels and powers of the proposed Wald-type tests based on the MDPDEs through simulation studies. For the sake of consistency, let us consider the same simulation set-up as described in the previous section; with each simulated sample of size n = 50 or 100, both with and without contamination as before, we apply the proposed testing procedure for different hypotheses. In particular, we perform the Wald-type tests with different α for six null hypotheses given by
for studying level, and H P 1 0 : β 1 = 0; H P 2 0 : β 2 = 0; H P 3 0 : (β 1 , β 2 ) T = (0, 0) T ; for studying power, against their respective omnibus alternatives. Note that, all these hypotheses belong to the class of general linear hypotheses (9) considered in Section 3. Based on 1000 replications, we compute the empirical levels and powers at the 5% level of significance for testing these hypotheses under pure data as well as under contaminated data; the results are reported in Tables 4, 5 and 6 respectively.
It can be observed that the levels of the MDPDE based Wald-type tests increase slightly under pure data for any hypothesis. In fact, most of the empirical levels are slightly inflated due to the use of asymptotic critical values for testing with finite sample sizes. Also, as α increases, the powers under pure data decrease very little for all three hypotheses. The changes at small α > 0 under pure data with respect to the classical Wald test at α = 0 are clearly not quite significant. On the other hand, under contaminated data, the levels and powers of the classical Wald-test (α = 0) Let us start our illustration with reanalyzing the motivating AIS Dataset described in Section 1. We compute the proposed MDPDEs of the parameter θ = (β 1 , β 2 , φ) T of the fitted BRM for different values of the tuning parameters α based on the full data and the outlier deleted data. The resulting estimates are reported in Table 7 along with the most commonly used MLE (at α = 0). Clearly, unlike the MLE, the proposed MDPDEs with α ≥ 0.3 change very little in the presence of two outlying observations. Further, the MDPDEs obtained based on the full data are themselves very close to the outlier deleted MLE (See Figure 2 ) and so they can be used safely without bothering about the outliers. Table 7 . Again, the proposed tests with α ≥ 0.2 generate stable p-values (which is zero) even in the full data with outliers. Therefore, the use of the proposed MDPDE and corresponding Wald-type tests with slightly larger α > 0 can successfully tackle the effect of two outliers in the dataset yielding robust estimators and inference even without separately finding and removing these outliers.
Application 2: HAQ Dataset
In this example, we consider data on a certain standardized health assessment questionnaire where n = 799 is the total sample size [6, 10] . Now, let us compute the MDPDEs for this clean dataset to illustrate the behavior of our proposal in pure data. The resulting estimators in fact turn out to be very close to the MLE which can clearly be seen from the fitted lines in Figure 3a .
Now, to illustrate the robustness aspect, let us change only 6 largest HAQ values to values and again derive the MLE and the MDPDEs; the fitted lines are shown in Figure 3b (the artificial outliers are marked as red points). Note that, only due to these 6 outliers, which is about only 0.75% of the total number of observations, the MLE changes to a drastically different fit which clearly gives an erroneous inference. In fact the MLE based Wald test for testing the significance of the intercept term now gives the p-value of 0.64 (implying non-significance) with these outliers, which was zero (significant) in the original clean data. However, the MDPDE based fits remain very stable for all α ≥ 0.1 even in the presence of these outliers as seen from Figure 3b . Also, the corresponding MDPDE based Wald-type tests at α ≥ 0.1 yield correct p-value of zero for testing the significance of intercept term both in the clean data and with these outliers.
Application 3: Stress-Anxiety Data (Psychology)
Our final example is from a psychological trial among 166 nonclinical women in Australia measuring the scores on suitable tests of their anxiety, depression and stress symptoms. The details of the data can be found in [6] who have analyzed it with a beta regression model with response as anxiety scores and the covariates being the intercept and the stress scores along with the logit link function. [27] has studied these data to illustrate that there are several groups of highly influential observations affecting the MLE. We consider a set of 5 such outliers with higher anxiety scores and compute the MLE of the BRM parameters based on the full data and after deleting these outliers. The corresponding fitted lines are shown in Figure 4 which clearly indicate the non-robust nature of the MLE against the outlying observations. We have applied our proposed MDPDE for these data and, as before, the MDPDEs with α > 0.2 yield robust estimators. For brevity, we only present the fitted lines corresponding to the MDPDE with α = 0.3 based on the full data in Figure 4 ; clearly the result is very close to that of the outlier deleted MLE indicating the robustness of our proposal.
On the choice of the tuning parameter α
The proposed DPD based robust estimators and Wald-type tests depend on a tuning parameter α. We have seen, both theoretically and empirically, that the efficiency of the proposed MDPDE under pure data decreases slightly as α increases, but their robustness under contamination increases significantly. Thus, the tuning parameter α yields a trade-off between efficiency and robustness of the proposed estimator. For hypothesis testing also, the asymptotic contiguous power decreases slightly with increasing α, but the robustness of its level and power improves significantly under contamination; here α trades off the contiguous power under pure data with robustness against outliers. Therefore, in either case, this tuning parameter α needs to be chosen appropriately for a given dataset.
As observed from various simulations and real data analyses, an α ≈ 0.3, 0.4 gives sufficiently robust estimator without significant loss in efficiency under pure data and also provides a desired trade-off for the corresponding Wald-type test. So, the empirical suggested value of α is to be taken around 0.3 to 0.4 which is expected to work well in most of the applications.
However, for a better trade-off based on the amount of contamination in the given dataset, a data-driven choice of this tuning parameter α could be useful. There are only a few such approaches for the DPD based inference. We propose to follow the approach presented by [28] and [29] for the iid and the non-homogeneous data respectively. Their approach is mainly based on choosing α by minimizing an appropriate estimate of the MSE given by
where θ * is the target parameter value, θ α = T α (G a , . . . , G n ) and θ n,α is the MDPDE with tuning parameter α. For the present case of beta regression models, we can estimate this MSE by plugging in the MDPDE θ n,α for θ α and also in the variance part, but need to use different pilot estimators for θ * . [29] have suggested that the use of the MDPDE with α = 0.5 serves well as the pilot estimator in case of the linear regression model. This suggestion may be followed in the present case of BRM also, but it needs substantial further investigation which we hope to do in our future research.
Extension to Non-Linear Variable Dispersion Beta Regressions
Although till now we have restricted ourselves to the fixed dispersion (or precision) linear BRM (2) for simplicity, our proposed methodology is in no way limited to such restrictions and can easily be extended to various more complex BRMs. Thus, it is indeed possible to fully exploit the flexibility of the beta regression models through such extensions. To illustrate this claim, in this section,
we present the extension of the proposed MDPDE for a general class of non-linear and variable dispersion BRMs from [7] . For this class of BRMs, we allow the precision parameter φ (and hence also the dispersion) to be variable for different y i so that now we assume y i ∼ f (y i ; µ i , φ i ) and model φ i by possibly another set of covariates, say z i ∈ R q , through suitable link function h (may be different from the link function g used in the mean model). We can also avoid the linearity constraint on the predictors to have a larger flexible class of BRMs given by
where η 1 and η 2 are some known functions and β ∈ R p and γ ∈ R q are the vectors of unknown regression coefficients corresponding to the mean and the precision models respectively. Note that, the covariates can have different dimensions compared to the corresponding regression coefficients (although we have kept them the same without any loss of generality), but we need to assume that the derivative matrices of η 1 and η 2 with respect to β and γ, respectively, have ranks p and q.
Then, our parameter of interest becomes
Note that, under the general class of BRMs (13) also, assuming the covariates to be fixed, the observed responses y i s are independent but non-homogeneous with model density of y i being
. . , n. So this again belongs to the general set-up of [16] and, as before, we can define the MDPDE of θ by minimizing the average DPD measure between the i-th data point and the corresponding model density f i (·, θ) for i = 1, . . . , n. Following the general theory of [16] , as presented in Section 1 of the online supplement, the MDPDE objective function under the BRMs (13) can again be simplified to have the form
where now we have
The corresponding estimating equations for the BRMs (13), obtained from the general Equation (2) of the online supplement, are again given by
where we now have µ * As an illustration of the performance of the MDPDEs under the variable dispersion BMRs, let us reconsider the Stress-Anxiety data studied in Section 5.3. [6] have shown that the anxiety scores in this data set can be modeled better with a (linear) variable dispersion beta-regression model than the fixed dispersion BRM (as done in Section 5.3); this is because the variability in anxiety scores clearly depends on the level of stress-scores (see Figure 4) . So, we now fit the general model (13) for this dataset with y i = Anxiety-Score i , x i = z i = (1, Stress-Score i ) T and g and h being the 'logit' and 'log' link functions respectively. Then, we compute the MDPDEs at different α > 0 and the MLEs (at α = 0) of the regression parameters θ = (β 1 , β 2 , γ 1 , γ 2 ) T under the full data and the outlier deleted data. Since the changes in the estimators are small, in order to illustrate the extent of robustness, we here study the relative change in the estimators under full data with that under outlier deleted data, which is presented in Table 8 for α = 0, 0.3. Clearly the change due to outliers is significantly reduced for all parameters, specially for both the slope parameters, while using the newly proposed MDPDEs with α ≈ 0.3. All estimates are statistically significant indicating suitability of the fitted model. 
Concluding remarks
In this paper, we have developed a robust statistical inference procedure under the beta regression model for modeling responses on (0, 1). We have proposed the minimum DPD estimator for estimating the parameters in the fixed dispersion BRM and developed a class of Wald-type tests based on them for testing general linear hypotheses in regression coefficients. Beside discussing their asymptotic properties, we have also justified the robustness of the proposed methodology through appropriate influence function analyses. Suitable numerical illustrations have been provided along with three important real data applications from health-care studies. Some indications are also provided, with application, for extending the proposed inference to the variable dispersion beta regression models having non-homogeneous precisions.
It is worthwhile to note that an important measure of global robustness of an inference procedure is their breakdown point, which is not explored in this paper. [16] have shown that the proposed DPD based inference with α > 0 has the maximum possible breakdown point of 0.5 under mild boundedness conditions on the covariates in a fixed-design linear regression model. We hope that similar breakdown result can also be derived for the BRM under certain conditions (a mathematical challenge), but we do not have an explicit proof at this moment.
However, our proposed methodology can be directly applied to any complex big dataset to generate robust inference without bothering much about outliers in the data. This is because the proposed estimator has a simple unbiased estimating equation which can be easily solved efficiently for such big datasets using appropriate numerical techniques and the underline objective function also helps us to avoid any problem in cases with multiple roots to this estimating equation.
But, for high dimensional datasets with more covariates than observations, we need to add a suitable regularization penalty factor (like LASSO or SCAD penalties) in the proposed objective function (5). Such penalized DPD based approach for robust inference under high-dimensional linear regression model has recently been studied by [30] . Similar extension under the present BRM with high-dimensional structure will be an interesting future work.
Besides detailed study of the extension discussed in Section 6, it will also be very useful to further extend it to develop robust inference for the inflated zero or one (or both) BRMs for datasets containing 0 or 1 or both values and the BRMs with repeated measurements; the general theory presented in the online supplement will directly guide in these extensions. Also, the proposed scheme for selection of a data-driven choice of the tuning parameter α needs more investigation.
We plan to pursue some of these extensions in our future works.
